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cell base dimensions between a- and y-PVF,, it is not 
unreasonable to contemplate existence of an antipolar 
analogue of the y phase (t-PVF2). 

Irrespective of the situation prevailing in epitaxially 
grown crystals, existence of such a fifth polymorph of PVF2 
may be suggested with a certain degree of caution based 
upon -our knowledge of solid-state transformations of 
TGTG chains a t  high  temperature^.^^^^^^^^^ Such trans- 
formations have been studied by Lovinger6p1' in spherulites 
of the a phase, by Takahashi and Tadokoro5 in drawn f i s  
of a-PVF2, and by Servet and RaultU in uniaxially oriented 
samples of the 6 form; in all three cases, the-transformation 
has been found to yield chains of a T3GT3G conformation. 
Since the high-temperature solid-state transformation 
requires only intramolecular rear~angements,~v~J~ it is 
reasonable to expect that the difference in chain packing 
between the CY and 6 phases might be reflected in the 
packing of T3GT3G chains after annealing, leading to two 
different polymqrphs. One might then enquire whether 
or not the TGTG - T3GT3G transformation is also ac- 
companied by dipole inversion in alternate chains-a 
process which may be achieved by rotation of every second 
chain by 180' or, as recently ~uggested,'~ by relatively 
small, intramolecular bond rotations. Intuitively, one 
would not expect annealing to cause dipole inversions in 
half of the chains. However, Takahashi and Tadokoro5 
found a reduction in the intensity of the 100 reflection 
during annealing of CY-PVF,, while Servet and RaultI2 re- 
ported an increase after heat treatment of the 6 phase; both 
data are consistent with dipole inversions and may suggest, 
therefore, that high-temperature annealing causes the 
antipolar CY phase to transform to the polar y phase and 
the polar 6 phase to transform to the antipolar t phase. 
This somewhat surprising possibility is under investigation 
and will be discussed on the basis of current experiments 

in a subsequent publication. 

Conclusions 
It has been found that y-type molecular chains pack in 

a unit cell with a slight monoclinic angle 0 (=93O), in 
agreement with the model of Takahashi and T a d ~ k o r o ; ~  
the b-axis length is, however, closer to the value reported 
by Weinhold, Litt, and Land0.~8~ Epitaxial crystallization 
of PVF, on NaCl yields y-phase crystals grown with one 
of their (110) planes parallel to the substrate. Possible 
existence of an antipolar analogue of y-PVF2 (E phase) is 
suggested; the y and forms would then be mutually re- 
lated in the same manner as the 6 and a phases. 
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ABSTRACT: A method is outlined by which computer simulations of the structure and dynamics of large 
molecules can be used to  estimate the classical configurational entropy difference between molecular con- 
formations. The method can be employed with any simulation technique, such 89 harmonic analysis, molecular 
dynamics, or Monte Carlo. The formulation permits the use of arbitrary coordinates (e.g., normal modes, 
internal or Cartesian coordinates) and makes possible the determination of the contributions of particular 
degrees of freedom to the entropy change. Illustrative applications are made to conformational transitions 
of butane and decaglycine. It i found that significant contributions to the entropy change arise from fluctuations 
of internal coordinates other than the single-bond torsion angles. This indicates that additional internal 
coordinates (principally the bond angles) have to be retained in statistical mechanical models of the con- 
formational thermodynamics of large molecules. 

I. Introduction 
The conformations of macromolecules, such as proteins 

and nucleic acids, play an essential role in their biological 
function.' To understand the factors involved in the 
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stability of a given conformation and in the change of one 
conformation to another, it is necessary to be able to 
evaluate the energetic and entropic contributions to the 
free energy. Since the configurational entropy is expected 
to be very important in many transformations (e.g., protein 
denaturation, helix-coil transition), considerable effort has 
been expended in developing methods for its evaluation?-' 
Although there have been a number of studies of the he- 
lix-coil transition in peptides, little progress has been made 
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in determining the configurational entropy contribution 
to the stability of systems like globular proteins. The 
formulation of a method that can be used for examining 
this and related problems is the primary concern of the 
present paper. 

In a macromolecular system, the configurational entropy 
contribution separates into two parts; the first is intro- 
duced by the local fluctuations in the neighborhood of a 
well-defined structure (e.g., an a helix, a native globular 
protein) and the second arises from the larger scale con- 
formational variations that occur in less well-defined 
structures (e.g., the random-coil state). Somewhat dif- 
ferent specialized techniques are best suited to the two 
extremes, though the evaluation of the classical configu- 
ration integral is the most direct approach to the entropy 
in both cases. Because of the large number of atoms 
present in many macromolecules of interest, emphasis in 
the published methods has been on the reduction of the 
coordinate set to be included in the integral evaluation. 
The most common choice is the complete set of dihedral 
angle variables,= although a further reduction by the use 
of “virtual” bonds has also been examined.2*8 Given such 
a reduced set, the contribution due to local fluctuations 
has most often been estimated from a normal-mode 
analysis, while those due to the large-scale variations have 
been evaluated by integrations over the configuration space 
with the assumption of only near-neighbor correlations 
among the chosen variables. 

For a globular protein in its native conformation, the 
available methods for treating local fluctuation contribu- 
tion to the entropy are not applicable. Although a nor- 
mal-mode analysis of the dihedral angle motions may be 
feasible in principle, it is extremely difficult to apply in 
practice because of the magnitude of the problem. Further, 
energy minimization calculations suggest that restriction 
to the space of dihedral angle variables would not yield 
accurate results for such a dense ~ y s t e m . ~  An alternative 
approach to determining the local fluctuations occurring 
in macromolecules is by molecular dynamics simulations, 
which have been applied to small- and medium-sized 
proteins,’&12 as well as to such regular polypeptide systems 
as a he1i~es.l~ In these studies all heavy atom degrees of 
freedom were included, although molecular dynamics 
simulations with reduced coordinate sets have also been 
perf~rmed.’~ Such simulations provide the necessary in- 
formation concerning the magnitudes of the local fluctu- 
ations, but they do not directly yield values of the con- 
figuration integral nor of the configurational entropy. 

In the present paper we report an approximate method 
for computing molecular entropies from molecular dy- 
namics, Monte Carlo, or other simulation techniques. The 
principal assumption made in the method, which is based 
on the properties of multivariate Gaussian distribution 
functions, is that the intramolecular potential energy can 
be expressed locally as a general quadratic function of the 
intramolecular coordinates, with coefficients which may 
depend on the temperature. The potential energy function 
used in the simulation can be that of an isolated molecule 
or it can be the potential of mean force which includes the 
effect of solvent on the magnitude of the fluctuations. The 
choice of internal coordinates is arbitrary. They can be 
the usual set of bond lengths, bond angles, and dihedral 
angles, but atomic Cartesian coordinates can also be used. 
An attractive feature of the method is that explicit contact 
is made between the entropy and the fluctuations and 
correlations of particular internal coordinates, so that the 
contribution of any group of internal coordinates to the 
change in configurational entropy with conformation can 
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be evaluated directly. This makes it possible to examine 
the effect of neglecting certain molecular degrees of free- 
dom in evaluating the configuration integral; e.g., the 
contribution of degrees of freedom other than the dihedral 
angles can be examined in a straightforward fashion. 

Section I1 describes the method used for evaluating the 
configurational entropy. Illustrative applications are given 
in section 111. They include the trans-gauche equilibrium 
in n-butane and the a-helix-extended-chain equilibrium 
of decaglycine. In both cases, comparisons are made with 
the results of standard vibrational entropy calculations. 
Particular attention is given to determining the contri- 
bution to the entropy of degrees of freedom other than the 
dihedral angles. Also, the significance of quantum cor- 
rections to configuration entropy differences is examined. 
Section IV presents the conclusions. 
11. Method of Calculation of Configurational 
Entropy 

The most direct approach to the classical configurational 
entropy difference between conformations of a macro- 
molecule is by evaluation of the configuration integral for 
each of the conformations, C 

Qc = &e-W)/kST d r  (1) 

where kg is the Boltzmann constant and T the absolute 
temperature. The effective potential energy of the system, 
U(r), is a function of the Cartesian coordinates, r ;  for the 
given conformation (C), the range of integration over the 
coordinates r is restricted appropriately. The potential 
energy function U(r) can describe the intramolecular in- 
teractions in a vacuum or it can be a potential of mean 
force that takes account of the solvent contribution to the 
molecular energy; in the examples of section 111, an em- 
pirical vacuum potential is used. The kinetic energy factor 
which multiplies Qc in the complete partition function 
depends only on the atomic masses and temperature and 
so can be ignored since it is independent of conformation. 

To evaluate Qc it is usually convenient to transform 
from atomic Cartesian coordinates to a complete set of 
internal coordinates plus the six external coordinates. The 
latter specify the position of the center of mass and the 
overall orientation of the molecule; integration over these 
six coordinates yields a constant factor 8a2V. The 
transformation to internal coordinates introduces a Jaco- 
bian, J ,  into the configuration integral; that is, if the new 
internal coordinates are q’ with 

d r  = J(q’) dq’ (2) 
we have4v5J5 

(3) 

where the explicit dependence of the Jacobian J on the 
internal coordinates q’ is indicated. As has been shown 
p r e v i o u ~ l y , ~ , ~ J ~  the Jacobian is a simple function of the 
bond lengths and bond angles and is independent of the 
dihedral angles. This form of the configuration integral 
greatly simplifies its evaluation if it is possible to assume 
that the bond lengths and bond angles are restricted to 
relatively narrow ranges by the potential function U(q’) 
in the exponential of the integrand, so that the equilibrium 
(or average) values of these variables can be assigned to 
the Jacobian. If we further assume that these selected 
values of the bond lengths and bond angles do not differ 
significantly in the various conformations of the molecule, 
the Jacobian may be regarded as independent of molecular 
conformation. 

We now divide the full set of molecular internal coor- 
dinates (which specify the relative positions of all the 

QC = 8?r2Vs C e-U(q’)lkBTJ(q’) dq‘ 
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atoms) into a group of “important” coordinates (q) and 
a group of “unimportant” coordinates (q”). A particular 
internal coordinate is designated as “important” if it 
contributes significantly to the thermodynamics of con- 
formational change; otherwise it is regarded as 
“unimportant”. Such a division of the set of internal co- 
ordinates was proposed by G6 and Scheraga? who desig- 
nated some internal coordinates as soft variables (e.g., 
dihedral angles for rotation about single bonds) and others 
as hard variables (e.g., bond lengths). With the separation 
into two types of coordinates the integration over the 
unimportant internal coordinates (9”) can be performed. 
There results an approximate configuration integral over 
the important coordinates q of the form 
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In principle, the simulation provides P(q) so that SqC can 
be evaluated by eq 7. For systems such as globular pro- 
teins or well-structured polypeptides, in which the fluc- 
tuations important for equilibrium properties are expected 
to be relatively small, machine simulations can provide 
accurate values for P(q). Given P(q) from such results, 
the direct evaluation of the integral in eq 7 is still a for- 
midable problem. Consequently, it is helpful to introduce 
some assumption concerning the form of P(q). It is ex- 
pected that the fluctuations of many of the internal co- 
ordinates are strongly correlated in macromolecules like 
globular proteins. A satisfactory representation of P(q) 
should, therefore, not contain any assumption about the 
extent to which the internal coordinates are coupled; i.e., 
the distribution function should provide a clear link be- 
tween the entropy and both the fluctuations of the internal 
coordinates and the correlations among them. As a first 
approximation, which results in an enormous simplification 
of eq 7, we assume that V(q)/kBT can be represented as 
a general quadratic function of the internal coordinates 
q. An arbitrary degree of coupling between the internal 
coordinates is included in the quadratic assumption, al- 
though triplet and higher order correlations are excluded. 
At  low temperatures, this assumption reduces to the 
harmonic approximation for V(q). More generally, the 
coefficients of the quadratic terms can be chosen in ac- 
cordance with the calculated fluctuations of the internal 
coordinates for a given temperature. It is likely that the 
coefficients in the quadratic representation of V(q) have 
a nontrivial temperature dependence. Thus, although the 
effective potential for coordinate fluctuations may be 
significantly different from that evaluated by a harmonic 
expansion of V(q) about the equilibrium configuration, 
assumption of a temperature-dependent quadratic form 
may be adequate. 

The above considerations suggest that a reasonable 
model for P(q) is a normalized multivariate Gaussian 
distribution function; that is 

(4) 

where the “const” includes the configuration-independent 
terms and the potential V(q) is the value of the potential 
energy as a function of the q, given that the unimportant 
coordinates are in the neighborhood of their equilibrium 
values. The approximate configurational partition func- 
tion, Qc, is the one proposed and justified for use in 
polymer problems by Flory2 and by Gr, and Scheraga.4 The 
present development differs from the work of these authors 
in that no explicit restriction of the important coordinates 
to dihedral angles has been made; in fact, we shall dem- 
onstrate the importance of other internal coordinates to 
the configurational entropy in section 111. 

At no point in the derivation of eq 4 have rigid con- 
straints been imposed on the internal coordinates. Thus, 
eq 4 does not contain the metric tensor contributions as- 
sociated with such 

For convenience in the subsequent development, we 
introduce the reduced configuration integral, QqC = 
Qc(const)-’, and define the configurational entropy, SqC, 
for conformation C as 

Since QqC is not a dimensionless quantity, the absolute 
value of SqC has no physical meaning; if the kinetic energy 
term were calculated and the constant factor were evalu- 
ated, the absolute entropy could be obtained. However, 
in what follows SqC will be evaluated for two conformations 
of a particular molecule for which the difference AS, is a 
meaningful quantity. If the set of important internal co- 
ordinates, q, is properly selected, AS, will contain all of 
the significant configurational contributions to the entropy 
difference A S  between the two conformations. Further- 
more, because the kinetic energy contribution to the 
partition function is treated exactly so that SqC is directly 
related to the configurational partition function, AS, im- 
plicitly includes the contributions to AS arising from vi- 
brational motion, rotational motion, and vibration-rotation 
coupling. To illustrate this last point, the relationship 
between AS, and the vibration-rotation contributions to 
A S  is outlined for the simple case of a diatomic molecule 
in the Appendix. 

To use eq 4 and 5 in the calculation of SqC from the 
results of simulations of the fluctuations of macromole- 
cules, we introduce the joint probability distribution 
function, P(q), for the set of important coordinates, q 

The configurational entropy, SqC (eq 5), is simply related 
to P(q) by 

(7) Sqc = - k B p ( q )  In p(q) dq 

Here, n is the number of degrees of freedom in the set q, 
( q )  is the vector of average values of the internal coor- 
dinates, and the matrix u contains the temperature-de- 
pendent variances (diagonal elements) and covariances 
(off-diagonal elements) of the internal coordinates; i.e. 

(9) 

The determinant of u is denoted by u. Introducing eq 8 
into eq 7, we havela 

(10) 
Thus, all that is required for a calculation of SqC is the 
determinant of the covariance matrix u. The elements of 
u, the mean-square fluctuations and correlation coefficients 
of the various internal coordinates, are readily available 
in any numerical simulation. Configurational entropies 
can therefore be calculated directly from molecular dy- 
namics or Monte Carlo simulations without any need to 
resort to a normal-coordinate analysis. The behavior of 
the internal coordinates in a computer simulation (e.g., the 
higher moments of the internal-coordinate distributions) 
can be used to determine the degree to which the ap- 
proximation, eq 8, is valid, so that a self-consistency check 
is built into the procedure. Further, the approximations 
made in the derivation of eq 4 (e.g., that the equilibrium 
values of the bond lengths and bond angles do not differ 
significantly between molecular conformations) can be 

uij = ((qi - (qi))(qj - (qj))) 

Sqc = f/znkB 4- ‘/zkB In [ ( 2 7 ) n ~ ]  
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verified from the result of the simulation. Finally, if u is 
calculated for two conformations (labeled a and b) of a 
macromolecule, the entropy difference associated with the 
conformational change in the present approximation is 
given by the simple expression 
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This result is to be compared with the usual classical 
expression based on separating the rotational and vibra- 
tional motion in the harmonic oscillator, rigid-rotator ap- 
proximation. We havelg 

(12) A s  = AS,,, + A s ~ b  

with 

and 

where IA, IB, I C  are the principal moments of inertia, N 
is the number of atoms, and the wi are the normal-mode 
vibrational frequencies. As is well-known and evident from 
eq 12, the atom masses cancel in the evaluation of AS. 
Quantitative comparisons of A S  obtained for model sys- 
tems with a harmonic potential by use of eq 11 and 12-14 
are given in the following section. In accord with the 
discussion following eq 4 and 5, the only differences be- 
tween the two for such cases arise from the breakdown of 
the rigid-rotator approximation and presence of vibra- 
tion-rotation coupling (included in eq 11 and neglected 
in eq 12; see Appendix) and the variation with confor- 
mation of the Jacobian involved in the transformation from 
Cartesian to internal coordinates (included in eq 12 but 
neglected in eq 11). 

111. Il lustrative Calculations 
In this section we describe model calculations which 

demonstrate the utility of the formalism developed for 
configurational entropy calculations. The simulation 
technique employed is the method of harmonic analysis.2o 
This technique makes use of a quadratic potential function 
for U(r) in eq 1 so that the validity of eq 8 is guaranteed; 
this would not be the case in, say, a molecular dynamics 
simulation with a more generalized potential function. 
Further, since for harmonic systems the method for 
evaluating A S  by eq 12 is expected to be a very good ap- 
proximation, we have a standard for comparison to assess 
directly the effect of retaining various subsets of the in- 
ternal coordinates in the configurational entropy evalua- 
tion. This simplifies the determination of a sufficient set 
of internal coordinates for a statistical mechanical treat- 
ment of conformational equilibria. 

Calculations were carried out for two test molecules, 
butane and the finite polypeptide chain decaglycine. 
Butane was selected as a very simple molecule which has 
more than one stable conformation; decaglycine is a more 
complex molecule which can form an a-helical structure 
stabilized by internal hydrogen bonds and which was the 
subject of a recent dynamical study using harmonic 
analysiszo and is now being examined by a full molecular 
dynamics treatment.13 The decaglycine calculation rep- 
resents a first step in employing the formalism described 
here to treat the entropy differences associated with bio- 
logically signifcant conformational changes of proteins and 
protein structural elements. 

Table I 
Parameters for the 

Butane Intramolecular Potential (Eq 15)  

Kb = 250 kcal/(mol.A*); bo  = 1.54 A 
KO = 120 kcal/(mol.radz); e o  = 112" 
KG = 2.0 kcal/mol 
a = 3.50 A ;a e = 0.0897 kcal/mola 

a The parameters u and E are the usual Lennard-Jones 
potential parameters and are related to A and C of eq 15 
by A = 4 ~ 0 ' ~  and C = 4 e d .  

For both butane and decaglycine, the harmonic ap- 
proximation to the potential function was obtained from 
empirical potentials that consist of a sum of bond 
stretching, bond angle bending, and torsional terms aug- 
mented by nonbonded interactions including van der 
Waals, electrostatic, and hydrogen bonding contributions. 
The form of the potential used isz1 
U = yz K b ( b  - bo)' + y2 K,q(d - + '/z x 

bonds bond angles 

c K,[1 + cos (n4 - 811 + y2 c K& - 
torsion angles . improper torsions 

A C  
E o ) 2  + y2 nb c pairs (- - - r6 + 2) r + HE& ($ - 3) 

where b is the value of a bond length, 6 is the value of a 
bond angle, 4 is the value of a torsional angle, 5 is the value 
of an improper torsional angle, and r is an interparticle 
distance; qi are atomic charges; K b ,  KO, K and Kc are force 
constants; bo, do, lo, n, 6, A ,  C, A', and 8'are parameters 
specifying the various interactions. The methyl and 
methylene groups were regarded as extended atorns2l with 
appropriate masses, so that the only hydrogen atoms ex- 
plicitly included were those attached to the nitrogen-hy- 
drogen bond donor atoms in decaglycine. For decaglycine 
the parameters used in eq 15 were those of ref 20. For 
butane, no electrostatic or hydrogen bonding terms were 
included in eq 15 and the potential parameters were ad- 
justed to give reasonable agreement with experimental 
and/or ab initio results for the following quantities: the 
equilibrium geometry in both the trans (t) and gauche (g) 
conformations, the energy difference between the t and g 
conformations, the cis barrier height, the geometry at  the 
top of the cis barrier,23,24 and the frequencies of all of the 
skeletal normal modes of t r ~ n s - b u t a n e . ~ ~ ~ ~ ~  The butane 
parameters for eq 15 are shown in Table I, and the re- 
sulting molecular properties are compared with the ex- 
perimental and ab initio values in Table 11. As can be 
seen, the empirical potential function gives satisfactory 
values for most of the data, although improvements could 
certainly have been achieved by more extensive refinement. 
Of particular note in Table I1 is the theoretical variation 
of the CCC bond angle with the torsional angle and its 
reproduction by the empirical potential. It will be shown 
in what follows that the correlation between bond angle 
bending and the torsional angle has an important effect 
on the configurational entropy. 

For both the t and g conformations of butane, initial 
atomic coordinates were selected near the expected 
equilibrium geometry and energy minimization was per- 
formed on the multidimensional potential surface until the 
local minimum energy geometry was achieved. A nor- 
mal-coordinate analysis was performed to obtain the 
normal modes and corresponding frequencies.20vzz These 
results were then used to calculate the entropy difference 
for the butane conformational change (gauche - trans) 
both by the standard method, eq 12, and by the new 
configurational entropy technique (eq 11). The decaglycine 
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Table I1 
Butane Potential Resultsa9b 

~~ 

eq 15 exptl theor 

trans-gauche energy difference -0.744 -0.726* (24) -0.822* 1241 - - 
cis barrier 
gauche dihedral angle 71.3 

trans CCC bond angle 112.0 
gauche CCC bond angle 112.7 
cis CCC bond angle 115.8 
trans skeletal normal frequencies 1045 

1003 
902 
437 
406 
120 

gauche skeletal normal frequencies 1037 
966 
864 
600 
420 
148 

-0.89 (28)  
4.76 5.3 (241 

~I 

4.98* (241 
65.46 (24) 66.5* (24) ' 
62 (28) 

112.2 (23) 
113.1 (23) 
115.3 (23) 

1087 (25), 1058 (26) 
970 (25, 26) 
960 (25), 835 (26) 
408 (25), 432 (26)  
380 (25), 365 (26) 
140 (25)  

References to  sources are given in parentheses; asterisks represent averages over a range of reported results. All 
energies in kcal/mol, all angles in degrees, and all frequencies in cm", 

calculations were carried out in a manner parallel to the 
butane calculations. The conformations studied were the 
a-helix structure20 and the fully extended structure in 
which all the backbone dihedral angles are near 180°, 
which is a local minimum. When the molecule reached the 
minimum energy geometry in the extended (ext) confor- 
mation, its energy was 58.39 kcal/mol above the energy 
of the a-helix (a) conformation. The major factors in the 
energy difference were the loss of hydrogen bond stabili- 
zation and less favorable nonbonded interactions in ext- 
decaglycine. Since in solution the loss of internal hydrogen 
bonding would be compensated at least in part by hy- 
drogen bonds to solvent, the energy results are valid only 
in a vacuum. 

To apply eq 11 to these harmonic systems, the covari- 
ance matrix for each conformation was obtained from the 
harmonic analysis results.20 The displacement of any in- 
ternal coordinate, qi, from its mean value, ( q i ) ,  can be 
expressed as a linear combination of the normal coordi- 
nates ( Q k )  by the equation 

3N-6 
9 i -  ( q i )  = C %kQk (16) 

The equal-time correlation function for any two normal 
coordinates has the form 

k= 1 

(17) 

Given eq 16 and 17, the elements of the covariance matrix 
(eq 9) can be calculated from 

This procedure can be carried out for any subset of internal 
coordinates. Since A S  is already known within the rigid- 
rotator, harmonic oscillator approximation from eq 12, we 
can directly determine the internal coordinates that are 
important for the configurational entropy. 

Quantum Corrections. Prior to examining the clas- 
sical entropy results, it is of interest to determine the 
quantum corrections to the classical limit. Since the vi- 
brational contribution to the entropy is most likely to 
deviate from the classical result, we restrict the comparison 

Table I11 
Classical and Quantum Vibrational Entropiesa 

suantum classical 
Butane 

Svib(g) 4.428 0.058 

A S d  0.795 0.931 

Decaglycine 
s, (a 1 21 1.97 70.17 
SVib(ext) 286.31 149.25 

Ten Lowest Decaglycine Frequencies (cm-' ) 

Svib(t) 5.223 0.989 

*svib 74.34 79.08 

01 helix extended 

48.53 28.09 16.05 6.39 
46.89 26.40 14.70 5.94 
43.96 24.39 12.47 4.60 
40.09 21.65 11.39 3.32 
34.23 12.91 10.26 1.24 

a All entropy values at 300 K in units of cal/(mol.deg). 

to Svib and A&+,. The quantum calculations were done by 
introducing the normal-mode frequencies into the standard 
entropy formula.lg The quantum mechanical and classical 
values of Svjb and Asib for butane and decaglycine are 
listed in Table 111. The classical calculations of absolute 
vibrational entropies give poor results in all cases. For 
butane, all of whose normal frequencies lie above 120 cm-' 
(Table 11), there is also a significant (-17%) difference 
between the classical and quantum calculations of A&b. 
As one proceeds to larger molecules, the principal con- 
tributions to &&, come from changes in the low-frequency 
modes (some of which are shown for decaglycine in Table 
111), so that a classical treatment is considerably better. 
In the case of decaglycine, which is still not a large mol- 
ecule from a biochemical viewpoint, the classical approx- 
imation to deviates from the quantum result by only 
6.5%. 

Butane. The configurational entropy differences be- 
tween trans- and gauche-butane obtained from eq ll and 
12 are shown in Table IV. 

As can be seen &&b and ASrnt have similar magnitudes 
and opposite signs. In general, for larger molecules ASrot 
is expected to be much less important than A&b. For hs,, 
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Table IV 
Entrow Differences (Trans Minus Gauche) for ButaneaSb 

Macromolecules 

- -  
AS, (es 11 ) A S  (eq 12) contribution 

0.222 
0.065 
0.019 
0.342 
0.377 
0.931 

A S  0.371 
Asrot  -0.560 

All values in units of cal/(mol.deg). The internal- 
coordinate symbols correspond to those used in eq 15; 
also, see text. 

we have made use of its direct expression in term of in- 
ternal coordinates to separate out the contributions from 
the various types, that is, the set of bond lengths (b), bond 
angles (e ) ,  and the torsional angle ($), as well as combi- 
nations of the different types. As expected, the torsional 
degree of freedom (4) dominates all other internal coor- 
dinates in the conformational entropy difference. How- 
ever, a calculation of AS, which regards $ as the only 
important coordinate gives a result AS, which is only 60% 
of the overall AS. Most of the difference between A S  and 
AS is attributable to the two bond angles; if the torsional 
and bond angle bending coordinates are together regarded 
85 the important coordinates, the resulting configurational 
entropy is more than 90% of the overall AS.  The 
bond lengths make a much smaller contribution than the 
bond angles, though they are not completely negligible in 
this case. When all six internal coordinates are included 
in As,, the resulting value, AS+,fl,b, is slightly different from 
A s ~ b  + As,,,. This small residual difference must be 
attributed in this harmonic system to the approximations 
introduced in the derivation of eq 4 and to the rigid-rotator 
approximation used in evaluating AS,,,. 

The influence of the bond angles on the configurational 
entropy change with conformation derives from two effects. 
One is attributed to fluctuations of the bond angles and 
the other to coupling between the fluctuations of the bond 
angles and the torsional angle. A calculation of AS, which 
retains only the two bond angles as the important coor- 
dinates gives a result ASB which measures the importance 
of the first effect; the difference between (AS, + ASfl) and 
AS,,fl measures the importance of the coupling. The data 
of Table IV show that these two effects are of approxi- 
mately equal importance and that they together account 
for more than 30% of the total AS. Thus, if the potential 
functions used are accurate, the bond angle fluctuations 
play an important role in the conformational equilibrium 
of butane and should be retained along with the torsional 
angle in a statistical mechanical treatment. 

Additional insight into the results of Table IV can be 
obtained by examination of the covariance matrices for 
gauche- and trams-butane with the torsional and the bond 
angles as the set q (all values are in deg2) 

173.90 -6.06 -6.06 
-6.06 7.89 -0.19 
-6.06 -0.19 7.89 

217.37 0.00 
0.00 8.15 ::::) (20) 
0.00 0.00 8.15 

In eq 19 and 20, ull is the mean-square fluctuation of the 

Table V 
Entropy Differences 

(Extended Minus OL Helix) for Decaglycine’ 

AS, ( e s  11 1 A S  (eq 12)  contribution 

39.40 
6.10 
0.07 
0.03 

AS@. Q 
ASWA 
A S e  

1.92 
39 * 59 

2.02 
A S  81.10 

All values in cal/(mol.deg). 

torsional angle and u22 and u33 are the mean-square fluc- 
tuations of the two equivalent bond angles. Equation 19 
shows a correlation coefficient (u12/ (ullu12)1/2) of -0.16 
between $ and either bond angle in gauche-butane; there 
is no correlation in trans-butane. The physical origin of 
the difference is that as the torsional angle in gauche- 
butane becomes smaller, the bond angles tend to open so 
as to reduce the van der Waals repulsion between the end 
methyl groups. The entropy of gauche-butane is thereby 
reduced relative to what the entropy would be if the torsion 
and bond angles were independent. In trans-butane, where 
the internal coordinates are uncorrelated since the non- 
bonded interaction is very small, there is only the inde- 
pendent bond angle contribution to the overall AS. 

In a recent study of the properties of model alkanes in 
which only the torsional angle was included, the equilib- 
rium distribution of butane molecules in the trans and 
gauche conformations was computed by a direct integra- 
tion of the one-dimensional configuration integral.27 At 
298 K in vacuo, the ratio of trans molecules to either form 
(+ or -) of gauche molecules was found to be 3.71, which 
implies that the free-energy difference is -777 cal/mol. 
The energy difference was taken to be -700 cal/mol, so 
that the entropy difference is A S  = ( l /T)(AU - AA) = 
0.259 cal/(mol-deg). This value is in approximate agree- 
ment with the present result for the purely torsional 
contribution to  the configurational entropy difference 
(AS,) and is considerably below the calculated value of the 
total entropy difference. 

A recent electron diffraction investigation of gas-phase 
gauche- and trans-butanes reported a free-energy differ- 
ence (trans minus gauche) of -497 f 220 cal/mo1.29 This 
result, if combined with the range of published values of 
the energy difference listed in Table I1 (-700 to -900 
cal/mol), implies that the entropy of the gauche confor- 
mation is higher than that of the trans conformation, in 
apparent disagreement with the present calculations. 
However, the uncertainty in the experimental free-energy 
value is such that it is difficult to draw definite conclusions. 

Decaglycine. The results of the decaglycine harmonic 
analysis were used to calculate As = h s ~ b  4- Asrnt and A s q  
for the transition of the molecule from a-helical to the 
extended conformation. In determining AS, several 
choices of the set of “important” internal coordinates were 
used. The values obtained are shown in Table V. The 
internal coordinates were grouped into four categories; they 
are the soft dihedral angles for torsion about N-C, and 
C-C, bonds ($,$), the dihedral angles for torsion about 
peptide bonds ( w ) ,  and the “improper” torsion angles 
representing out-of-plane motions of amide hydrogen and 
carbonyl oxygen atoms ( t ) ,  bond angles (e ) ,  and bond 
lengths (b). In such a listing, specification of all the tor- 
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sional and bond angles of decaglycine which appear in the 
potential function (eq 15) is redundant in that the values 
of some bond angles are uniquely determined by other 
bond angles and dihedral angles. Since the covariance 
matrix is singular if the set q is overcomplete, the redun- 
dant bond angles 0 were deleted before the evaluation of 
the configurational entropies. Comparisons verified that 
the calculated results are independent of which redundant 
coordinates are removed. The total number of decaglycine 
angular coordinates included is 107, the number of internal 
degrees of freedom (162) minus the number of bonds (55). 

An often-used choice for the set of important internal 
coordinates for polypeptides and proteins is the set of soft 
dihedral angles (4,+). Table V shows unequivocally that 
a configurational entropy calculation based only on these 
angles gives a value (AS+,,) which is less than half the value 
of AS. Only when the set of important coordinates is 
expanded to include (4,+,u,[,0) does the configurational 
entropy difference become satisfactory (AS, = 0.94AS). 
It appears therefore that the only internal coordinates 
which may be safely neglected are the bond lengths and 
that all other degrees of freedom contribute significantly 
to the entropy. From Table V, it is clear that it is not the 
contribution of the bond angles themselves which is im- 
portant (Le., AS, contributes only 0.07 cal/(mol-deg) to 
ASq) but it is the correlation between (4,$) and (0) that 
is important; the latter, corresponding to contrib- 
utes 3.75 cal/(mol.deg) relative to ( A S , ,  + ASq). Even 
more striking is the general coupling between the set 
($,+,u,t) and (0) made evident by a comparison of (AS , , , ,  + ASo) vs. AS,t,,u,t,q. For extended decaglycine, the con- 
tributions of the various groups of internal coordinates to 
SqC are additive, which indicates that there is no correla- 
tion among the coordinates. By contrast, a-helical deca- 
glycine, which is stabilized by hydrogen bonds and non- 
bonded forces, exhibits strong correlation effects through 
nonadditive contributions of the internal coordinates to 

IV. Conclusions 
The method proposed for configurational entropy cal- 

culations from any simulation method for macromolecules 
has been shown to yield accurate results for test systems. 
Its generality in terms of choice of coordinates suggests 
that it is ideal for large molecules where localized internal 
motions play an essential role in the thermodynamic 
properties. Of importance in the results for butane and 
decaglycine is the demonstration that internal coordinates 
other than the dihedral angles (i.e,, bond angles) contribute 
significantly for folded systems where the internal motions 
are strongly correlated. Our current effort is aimed at  
configurational entropy calculations based on molecular 
dynamics simulations of globular proteins and related 
systems. 
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Appendix 

In this section we demonstrate that the difference of the 
configurational entropy, A S  , between two conformations 
of a diatomic molecule implicitly includes contributions 
from both vibrational and rotational motion. For the 
development we suppose that the two molecular confor- 
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mations are labeled a and b, that the bond-stretching 
potentials for both conformations are quadratic with force 
constants K,(a) and K,(b), and that the equilibrium in- 
ternuclear separations are ro(a) and ro(b), respectively. In 
the harmonic oscillator, rigid-rotor (HORR) approximation 
the individual contributions to the overall entropy dif- 
ference, AS = S(b) - S(a), between the conformations are, 
from eq 13 and 14 

and 

so that 

In the configuration integral approach, we start with the 
classical molecular partition function in Cartesian coor- 
dinates; that is 

Q = S dx ,... dz2 dp, ,... dp,, exp [ -( - p12 + 
2m1 

- 

PZ2 1 - + -Ke(r - ro)2 
2mz 2 

where p i  is the momentum of particle i, r2 = ( x ,  - xJ2 + 
(yz - yl), + ( z 2  - zJ2 and Q is evaluated for the two mo- 
lecular conformations with appropriate values of K, and 
ro. We then proceed as in the derivation of eq 3; i.e., the 
integration over momenta yields the conformation-inde- 
pendent factor ( 2 a m l k ~ T ) ~ ~ ' ( 2 a m z k ~ T ) ~ / ' ,  the six Carte- 
sian coordinates are transformed to five external coordi- 
nates and the internal coordinate r ,  the integration over 
the external coordinates yields another conformation-in- 
dependent factor, and we are left with 

This equation is exact; the Jacobian factor of eq 3 here has 
the simple form J ( r )  = r2. 

The integral in eq A5 is easily expanded by means of 
the variable change s = y ( r  - ro), where y = ( K , / 2 k ~ r ) ~ / ~ ;  
we have 
Q =  

(A61 
On physical grounds, one expects that the HORR ap- 
proximation should hold when the force constant is large. 
Since the configurational expression for the partition 
function includes all contributions, the HORR results 
should be recovered from eq A6 in the limit as yro - a. 
The limiting behavior of Q is easily found to be 

and eq A3 follows immediately. To the degree that the 
exact value of Q in eq A6 differs from the limiting value 
in eq A7, the configurational integral includes corrections 
to the HORR approximation; in the present case, they 
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correspond to including the fact that the moment of inertia 
depends on the internal coordinate r .  
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Loop Entropy of the Triple Helix 
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ABSTRACT: We calculate the loop entropy in an infinitely long triple-stranded chain and estimate its 
contribution to  the helix-coil transition of collagen by comparing theory with experimental data. We find 
that the temperature dependence of helix fraction together with that of specific heat provides a rather stringent 
test for a simple model. By comparing our model (with loops) and the one-sequence model (without loops) 
with experiment, we find that the formation of loops is responsible for a substantial fraction of heat absorption 
of collagen during its helix-coil transition. 

The calculation of loop entropy in triple-stranded helices 
is itself an interesting statistics problem. It also has 
practical applications to helix-coil transitions of collagen 
(and its analogues). In this paper we will try to calculate 
the loop entropy in an infinitely long triple-stranded chain 
and estimate its contribution to the helix-coil transition 
of collagen by comparing theory with experimental data. 

The statistics of loop formation in double-stranded 
helices has been much ~tudied, l -~ but the triple-stranded 
problem is much more complicated. In order to obtain a 
manageable formula for our final result, we ignore the 
effect of excluded ~ o l u m e , ~  assume a Gaussian distribution 
for the end-to-end extension of a loop,l and use a semi- 
numerical method to carry out a double summation. Ex- 
perimental data include the heat absorption and optical 
activity of tropocollagen measured by Privalov and Tik- 
topu10.~ We will find that the temperature dependence 
of helix fraction together with that of specific heat provides 
a rather stringent test for a simple model. By comparing 
our model with the one-sequence model, we can see that 
the formation of loops is responsible for a substantial 
fraction of heat absorption of collagen during its helix-coil 
transition. 

a given temperature, the configuration of a triple-stranded 
chain is an alternate sequence of helical and loop states. 
A loop sequence consists of three unbound component 
strands of various length (number of basic units) attached 
to two helical sequences at  the beginning and at  the end.6 
In the limit of infinitely long chain, dissociation is ne- 
glected. It is then convenient to  use the method of se- 
quence-generating functions’ to calculate the partition 
function. We write the sequence-generating function for 
helical states as’ 

(1) 

where S is the partition function for each triple-helix unit 
and can be written in the form 

(2) 
Here AH, and AHJT, are, respectively, the changes of 
enthalpy and entropy from a free coil state (see below) to 
a helical state. x is a parameter which will be used later 
to calculate the partition function. The sequence-gener- 
ating function for loop states is 

m 

V(X) = C(S/X3)1 = S/(X3 - S )  
1=1 

S = exp(AH,,(T - T,)/RTT,J 

m 

Theory V(x)  = P C U l / X l  (3) 
1=1 Consider, as a statistical mechanics problem, a homo- 

geneous triple-stranded chain. Each strand is a sequence 
of basic units. A triple-helix unit consists of three basic 
units, one from each component strand. When a triple- 
helix unit becomes unbound, it is called a coil state. At 
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where u1 is the partition function of a loop with a total 
strand length 1 (the total number of basic units in the three 
strands) and P is the border factor between a loop state 
and a helical state. If one writes ul as 


